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A  PROBABILISTIC  MODEL  FOR  LINK-11  NETWORKING  OPERATION 


1  Introduction 

This  report  describes  an  analytical  model  used  to  evaluate  the  Link- 1 1  tactical  data 
network.  The  baseline  description  of  the  Link-1 1  networking  protocols  used  in  our  model 
was  obtained  from  reference  [1],  and  is  summarized  in  section  2  of  this  memorandum.  The 
reader  should  already  be  familiar  with  the  Link- 11  system,  its  networking  protocols,  its 
waveform,  and  the  Improved  Link- 1 1  (LEI)  waveform  (reference  [2]).  The  purpose  of  the 
model  is  to  provide  the  capability  to  compare  the  performance  of  the  Link- 1 1  network  when 
the  network  is  operating  with  different  modems.  The  model  can  accommodate  both  the 
currently  used  parallel  tone  modems  and  the  new  proposed  single  tone  modems.  The 
performance  measures  calculated  in  this  model  are  the  net  cycle  time,  the  percent  channel 
utilization,  and  the  normalized  effective  throughput. 

2  Networking  Protocol  (Roll  Call) 

The  channel  access  protocol  used  in  Link- 11  is  based  on  a  centralized  network 
control  architecture,  and  it  uses  a  single  medium  communication  channel  common  to  all 
nodes.  The  protocol  assumes  that  the  network  is  fully  connected,  i.e.,  each  node  can  hear 
every  other  node.  One  of  the  nodes  of  the  network  is  designated  as  the  Data  Net  Control 
Station  (DNCS),  and  controls  the  channel  access  of  all  other  nodes  in  the  network.  All  the 
other  nodes  are  called  picket  stations,  or  Participating  Units  (PUs),  and  can  only  transmit 
information  when  prompted  to  do  so  by  the  DNCS.  The  automatic  interrogation  of  the 
pickets,  as  described  in  reference  [1],  is  summarized  here. 

The  DNCS  polls  each  picket  station  of  the  network  in  the  order  established  by  an 
address  generator  or  by  the  Tactical  Data  System  (TDS)  computer.  The  interrogation 
message  transmitted  by  the  DNCS  is  composed  of  the  following  components: 

a)  Preamble  and  phase  reference 

b)  Picket  address 

The  picket  station  whose  address  was  polled  then  transmits  a  reply  message  with 
the  following  components: 

a)  Preamble  and  phase  reference 

b)  Stan  code 

c)  Any  number  of  TDS  message  frames 

d)  Picket  siop  code 

If  a  DNCS  does  not  recognize  a  valid  reply  from  a  picket  (i.e.,  if  it  does  not 
recognize  a  start  code)  within  1 5  frames  after  interrogation,  the  DNCS  shall  send  another 
interrogation  to  the  same  picket 
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If  the  DNCS  does  not  recognize  a  valid  reply  to  the  second  interrogation  within  15 
frames,  it  shall  interrogate  the  next  picket  in  the  polling  list 

If  the  DNCS  receives  a  start  code  after  either  the  first  or  second  interrogation  of  a 
picket  station,  the  DNCS  will  not  interrogate  the  next  picket  until  either  of  the  following 
occurs: 

a)  A  picket  stop  code  is  recognized 

b)  Loss  of  signal  presence  is  determined 

When  the  DNCS  determines  that  it  is  next  in  line  for  transmitting  TDS  data  (i.e., 
when  the  DNCS  is  the  next  node  in  the  polling  list) ,  it  transmits  a  message  whose  frame 
structure  includes  both  TDS  data  and  an  interrogation  of  the  next  node  in  the  polling  list. 
This  frame  structure  consists  of  the  following  components: 

a)  Preamble  and  phase  reference 

b)  Start  code 

c)  Any  number  of  TDS  message  frames 

d)  Stop  code 

e)  Picket  address  of  next  picket  to  be  interrogated 

3  Performance  Statistics 

This  section  describes  the  performance  statistics  calculated  in  the  model.  The  model 
provides  estimates  of  what  these  statistics  would  actually  be  if  the  network  were  to  operate 
under  the  stated  conditions. 

3.1  Net  Cycle  Time 

The  net  cycle  time  as  calculated  in  this  model  is  defined  as  the  total  time  required  for 
the  DNCS  to  interrogate  all  picket  stations  in  the  network,  plus  the  reply  times  of  the  picket 
stations,  plus  the  duration  of  the  DNCS's  own  TDS  transmission.  In  our  model,  the 
DNCS  polls  each  picket  station  once  each  net  cycle,  with  up  to  two  interrogations  per 
polling  attempt.  In  non-ideal  channel  conditions,  not  all  picket  stations  will  inject  TDS 
traffic  in  every  net  cycle.  This  is  because  message  errors  in  the  DNCS  interrogations  are 
introduced  by  the  imperfect  channel,  thus  preventing  some  pickets  from  hearing  their 
interrogations.  The  DNCS  may  also  not  hear  a  picket  reply  even  though  a  picket  station 
has  correctly  responded  to  the  DNCS's  polling  request.  These  imperfections  in  the  channel 
conditions  affect  the  net  cycle  time,  and  our  model  attempts  to  show  how  the  network 
performs  in  these  non-ideal  conditions. 

3.2  Total  throughput  Per  Net  Cycle 

The  total  throughput  per  net  cycle  (denoted  as  Rnc)  is  defined  as  the  sum  of  all  the 
usable  TDS  bits  received  at  each  node  in  a  net  cycle.  For  bits  to  be  usable  by  a  node,  they 
must  be:  1)  received  without  error  by  the  node,  2)  contained  in  M-series  messages  in  which 
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the  entire  M-series  message  is  received  without  error,  and  3)  contained  in  a  data 
transmission  in  which  the  message  indicator  (MI)  was  also  received  without  error.  Mi’s 
are  transmitted  by  every  node  before  they  transmit  their  TDS  data  so  that  all  authorized 
receivers  can  decript  the  TDS  data .  For  every  M-series  message  transmitted  in  a  net  cycle, 
and  for  every  node  that  receives  the  M-series  message  error-free,  we  add  to  Rnc  the 
number  of  bits  in  an  M-series  message.  Thus,  if  a  message  is  correctly  received  by  n 
nodes,  it  is  added  to  Rnc  n  times. 


3.3  Normalized  Effective  Throughput 

The  normalized  effective  throughput  is  defined  in  this  model  as  the  expected 
number  of  TDS  bits  successfully  received  per  node  in  the  network.  The  measure  of  the 
normalized  effective  throughput  is  in  bits  per  second,  and  is  normalized  so  that  it  is 
equivalent  to  the  throughput  of  a  network  having  a  single  transmitter  and  single  receiver. 
We  define  the  average  normalized  effective  throughput  as  the  average  of  the  total  error-free 
bits  received  per  net  cycle,  divided  by  the  product  of  the  average  net  cycle  time  and  the 
number  of  nodes  in  the  network  minus  one. 


Ave.  Normalized  Effective  Throughput  = 


_ ave.  total  throughput  per  net  cycle _ 

(ave.  net  cycle  time)(number  of  nodes  -  1) 


Bits  contribute  to  the  normalized  effective  throughput  only  if  the  entire  message  that 
contains  them  is  correctly  received.  Note  that  messages  received  incorrectly  are  not 
retransmitted;  instead,  updates  to  these  messages  are  automatically  sent  in  future  net  cycles. 


3.4  Percent  Channel  Utilization 

The  percent  channel  utilization  performance  statistic  describes  what  percentage  of 
the  channel  capacity  is  devoted  to  each  of  the  four  following  categories:  1)  TDS  injection 
utilization,  2)  guardband  and  preamble  utilization  (switching  times,  preambles,  phase 
references,  propagation  delays,  time-outs,  and  loss  of  signal  time-outs),  3)  header 
utilization  (start  codes,  stop  codes,  and  Mi's),  4)  net  management  utilization  (address 
codes).  The  utilization  in  all  four  categories  always  sums  to  100  percent. 


4  The  Model 

Sections  4.1  and  4.2  of  this  paper  lay  down  the  foundations  of  our  network  model. 
They  include  a  level  of  detail  that  will  not  be  used  in  the  other  sections  of  this  paper. 
However,  we  have  included  the  detail  in  these  sections  in  order  to  describe  not  only  our 
model,  but  also  the  methodology  of  our  approach,  and  its  supporting  theory.  In  this 
manner,  we  can  use  a  similar  approach  to  expand  on  this  model  in  a  more  straightforward 
fashion,  or  to  develop  new  models  of  other  networks  in  which  this  approach  is  appropriate. 
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4.1  Model  Description 

The  model  is  based  on  the  DNCS  state  diagram  shown  in  Figure  1.  We  divide  the 
state  diagram  into  a  sequence  of  stages.  Each  stage  starts  when  the  DNCS  interrogates  a 
PU  for  the  first  time  in  the  net  cycle,  and  ends  just  before  the  DNCS  interrogates  the  next 
PU.  That  is,  a  stage  represents  a  polling  transaction  between  the  DNCS  and  a  picket 
station.  A  network  of  N  nodes  will  have  N- 1  stages  (the  DNCS  does  not  interrogate 
itself).  Each  PU  in  the  network  is  polled  once  per  net  cycle.  A  total  of  4  true/false 
conditions  are  tested  in  this  diagram  in  order  to  transition  from  one  state  to  another.  They 
are  the  following. 

(aO  DNCS  correctly  receives  start  code  sent  by  PU  after  1st  interrogation  attempt 
(&2)  DNCS  correctly  receives  start  code  sent  by  PU  after  2nd  interrogation  attempt 
(a3)  DNCS  correctly  receives  stop  code  sent  by  PU  after  receiving  start  code 
(a4)  DNCS  determines  loss  of  signal  presence  after  receiving  start  code 


Tim©  Out 

olaJ  1  vOuu  UcluUtft] 

V  - 

Stop  Code  or  loss  of 
signal  detected 

© 

1st  interrogation 

© 

2nd  interrogation 

© 

Picket  reply 

Figure  1.  Roll-Call  DNCS  State  Diagram  (5  node  network) 


Since  each  test  condition  can  only  be  true  or  false,  we  can  define  a  total  of  24  (i.e., 
16)  true/false  combinations.  Each  of  these  16  combinations  (denoted  by  cq,  Ci,...,ci5)  is 
an  element  in  the  set  of  all  possible  outcomes  of  a  stage.  This  set  is  the  sample-space  of  a 
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stage  in  our  model,  and  is  denote  as  Qg-  We  let  the  event-space  of  a  stage  in  our  model, 
denoted  it  as  Te,  be  the  sigma- field  generated  by  Qe-  Thus,  each  of  the  16  combinations  is 
a  possible  event  in  a  stage  of  our  model.  We  denote  the  16  events  in  Te  as  the  sets  C„ 
where  we  iet  Q  =  {c;}.  However,  only  5  of  these  16  events  have  non-zero  probabilities. 
Figure  2  is  a  table  that  shows  which  events  have  non-zero  probability  and  which  events 
have  zero  probability. 


Ci 

=  {( ai 

a2 

a3 

34)} 
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Co 

0 

0 

0 

0 

bs 
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1 
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1 
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1 
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0 

0 

0 
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1 
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0 
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bi 
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1 

0 

Cl4 

1 

1 

1 

0 

0 

C15 

1 

1 

1 

1 

0 

(a  "1"  signifies  that  condition  a*  is  true,  a  "0"  signifies  that  condition  a*  is  false) 
Figure  2.  Possible  Events  in  a  Stage 


The  reasons  for  setting  some  of  the  event  probabilities  to  zero  are  as  follows: 

•  The  probabilities  of  events  Ci,  C2,  and  C3  are  zero  because  we  assume  that  the 
DNCS  will  not  identify  a  start  code  and/or  a  loss  of  signal  presence  if  it  has  not 
previously  received  a  start  code. 

•  The  probabilities  of  events  C4  and  C8  are  zero  because  if  the  DNCS  receives  a 
start  code,  it  will  always  at  some  time  determine  either  that  it  has  received  a  stop 
code  or  determined  a  loss  of  signal  presence  condition.  This  is  based  on  our 
assumption  that  the  DNCS  cannot  falsely  maintain  modem  synchronization  if  no 
node  is  transmitting  real  data. 

•  The  probabilities  of  events  C3,  C7,  Cn.  and  C15  are  zero  because  the  DNCS 
cannot  both  determine  the  loss  of  signal  presence,  and  the  reception  of  a  stop  code 
in  the  same  stage.  Recall  that  we  have  defined  the  stages  as  non-overlapping,  and 
recall  that  either  of  the  two  sub-events  a3  and  a4  marks  the  end  of  a  stage. 
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•  The  probabilities  of  events  Cn,  C13,  C14  and  C15  are  zero  because,  in  these 
events,  the  DNCS  has  recognized  that  its  first  interrogation  attempt  was 
successful,  and  it  will  therefore  not  engage  in  a  second  interrogation  attempt  in  the 
same  stage.  If  the  DNCS  receives  a  start  code,  it  will  not  attempt  to  decode 
another  one  until  the  next  stage. 

Throughout  the  rest  of  this  paper,  we  will  refer  to  the  sets  C,  that  have  probabilities 
greater  than  zero  as  events  1  through  5.  We  will  refer  to  these  sets  as  follows: 


Cm  =  event  1 

P[C10]  =b  1 

C9  =  event  2 

P[C9]  =b2 

Cg  =  event  3 

P[C6]  =b3 

C5  =  event  4 

P[C5]  =&4 

Co  =  event  5 

P[Co]  =&5 

Note  that  these  events  are  mutually  exclusive,  and  that  the  sum  of  their 
probabilities,  b\  +  b2  +...+  b$,  must  equal  one.  A  total  of  five  distinct  events  can  occur 
(i.e.,  have  non-zero  probabilities)  when  transitioning  from  one  stage  to  the  next.  We  have 
ignored  all  other  events  because  their  probabilities  equal  zero.  The  model  assumes  that  the 
network  is  always  in  one  of  the  N- 1  stages,  and  only  one  of  the  5  events  can  occur  at  a  time 
within  a  stage. 

The  range  of  applications  for  this  model  is  somewhat  limited,  however,  because  we 
have  assumed  that  no  collisions  in  transmissions  occur.  That  is,  the  transmission  of  a  node 
can  never  interfere  with  the  transmission  of  another  node.  Thus,  we  assume  that  two  or 
more  nodes  never  transmit  at  the  same  time.  Our  assumption  of  no  collisions  requires  that 
once  the  DNCS  detects  signal  presence  from  a  PU's  transmission  (i.e.,  it  has  synchronized 
with  the  PU’s  transmission  and  has  correctly  received  a  start  code),  the  DNCS  will  always 
detect  signal  presence  throughout  the  remainder  of  the  PU’s  transmission.  This  is  a 
reasonable  assumption  as  long  we  assume  that  fading  in  the  channel  is  low.  Note  that 
signal  presence  can  be  maintained  even  when  the  actual  contents  of  a  transmission  are  not 
decipherable.  The  detection  of  colliding  transmissions  is  not  a  test  condition  defined  by 
the  Link- 1 1  protocol.  We  therefore  did  not  address  this  issue  at  this  time  in  order  to  limit 
the  complexity  of  our  model.  At  minimum,  we  would  have  to  develop  a  more  complex 
state  diagram,  and  define  a  larger  set  of  possible  events  in  order  to  accommodate  collisions. 
An  interpretation  of  the  5  events  that  have  probabilities  greater  than  zero  is  presented  here. 

Event  I  (C10):  The  DNCS  begins  by  interrogating  a  PU.  The  picket  station 
correctly  receives  the  first  interrogation  command  from  the  DNCS,  and  responds  to 
it  appropriately.  The  DNCS  correctly  receives  the  start  and  stop  codes  of  the  PU’s 
reply. 

Event  2  (C9):  The  DNCS  begins  by  interrogating  a  PU.  The  PU  correctly 
receives  the  first  interrogation  command  from  the  DNCS,  and  responds  to  it 
appropriately.  The  DNCS  correctly  receives  the  PU’s  start  code,  but  does  not 
correctly  receive  the  PU's  stop  code.  After  a  time-out  period  following  the  end  of 
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the  PU's  transmission,  the  DNCS  determines  a  loss  of  signal  presence,  and 
proceeds  to  the  next  stage.  The  effect  of  not  correctly  receiving  the  stop  code  is  the 
addition  of  a  time-out  period  to  the  duration  of  event  1. 

Event  3  (C«):  The  DNCS  begins  by  interrogating  a  PU.  The  PU  does  not 
correctly  receive  the  first  interrogation  command,  but  does  correctly  receive  the 
second  interrogation  command.  The  PU  appropriately  responds  to  the  second 
interrogation  command.  The  DNCS  correctly  receives  the  start  and  stop  codes  ot 
the  PU's  reply. 

Event  4  (Cs):  The  DNCS  begins  by  interrogating  a  PU.  The  PU  does  not 
correctly  receive  the  first  interrogation  command,  but  does  correctly  receive  the 
second  interrogation  command.  The  PU  appropriately  responds  to  the  second 
interrogation  command.  The  DNCS  correctly  receives  the  PU’s  start  code,  but 
does  not  correctly  receive  the  PU's  stop  code.  After  a  time-out  period  following  the 
end  of  the  PU’s  transmission,  the  DNCS  determines  a  loss  of  signal  presence,  and 
proceeds  to  the  next  stage.  The  effect  of  not  correctly  receiving  the  stop  code  is  the 
addition  of  a  time-out  period  to  the  duration  of  event  3. 

Event  5  (Co):  The  DNCS  begins  by  interrogating  a  picket  station.  The  picket 
station  does  not  hear  the  first  interrogation  command  and  does  not  hear  the  second 
interrogation  command.  The  PU  therefore  does  not  transmit  any  messages.  The 
DNCS  proceeds  to  the  next  stage. 

We  now  evaluate  the  probability  of  these  five  elementary  events.  In  any  given 
stage,  we  define  PE[Event  t]  as  the  probability  that  the  ith  event  occurs  in  that  stage.  The 
probabilities  of  the  events  arc  the  following: 


PE[Event 1]  =  b\  - 

(Prob.  of  detecting  the  start  code) 
x  (Prob.  of  detecting  the  stop  code) 

Pfc[Event  2]  =  &2  = 

(Prob.  of  detecting  the  start  code) 

X  [1.0  -  (Prob.  of  duecting  the  stop  code)] 

PE[Event  3]  =£3  = 

[1.0  -  (Prob.  of  detecting  the  start  code)] 
x  (Prob.  of  detecting  the  start  code) 

X  (Prob.  of  detecting  the  stop  code) 

PE[Event  4]  =  £>4  = 

[1.0  -  (Prob.  of  detecting  the  start  code)] 
x  (Prob.  of  detecting  the  start  code) 

X  [1.0  -  (Prob.  of  detecting  the  stop  code)] 

PE[Event  5]  =  b$  = 

[1.0  -  (Prob.  of  detecting  the  start  code)] 
x  [1.0  -  (Prob.  of  detecting  the  start  code)] 
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Note  that  b\  +  b2  +...+  b 5  equals  one,  which  is  necessary  for  a  consistent 
description  of  the  probabilities  and  the  probability  measure  Pe-  The  probabilities  in  the 
expressions  above  are  calculated  as  follows: 

(Prob.  of  detecting  the  start  code)  =  psynchi  x  p  address  x  pSynch2  x  pslaIt 

(Prob.  of  detecting  the  stop  code)  =  pstop 


where 


P synch  1  =  Pr(PU  achieved  synchronization  with  the  DNCS  transmission 

via  the  preamble  and  phase  sent  by  DNCS) 

Paddress  =  Pr(PU  correctly  decoded  its  address  sent  by  DNCS  given  that 

the  PU  is  already  synchronized  with  the  DNCS) 

Psynch2  -  Pr(DNCS  achieved  synchronization  with  the  PU  transmission 

via  the  preamble  and  phase  sent  by  PU) 

Pstart  =  Pr(DNCS  correctly  received  start  code  sent  by  PU  given  that 

the  DNCS  is  already  synchronized  with  the  PU) 


Pstop  =  Pr(DNCS  correctly  received  stop  code  sent  by  PU  given  that 

the  DNCS  is  already  synchronized  with  the  PU) 


The  probability  that  the  DNCS  detects  loss  of  signal  presence  is  [1.0  -  (Prob.  of 
detecting  the  stop  code)].  That  is,  once  the  DNCS  has  achieved  synchronization  and  has 
correctly  received  a  start  code  from  a  PU,  it  may  determine  a  loss  of  signal  presence  only  if 
it  has  not  correctly  received  the  stop  code  at  the  end  of  .ne  PU’s  transmission.  Signal 
presence  loss  is  thus  only  detected  if  no  signal  exists.  If  the  probability  of  detecting  the 
stop  code  is  1,  then  the  probability  of  determining  a  loss  of  signal  presence  is  0.  The 
DNCS  can  detect  signal  presence  even  if  it  cannot  correctly  decode  the  messages  in  a 
transmission.  Again,  this  assumption  is  needed  in  order  to  avoid  collisions  between 
transmissions. 


4.2  Derivation  of  Net  Cycle  Time  (General  Form) 

Before  continuing,  we  define  some  parameters,  constants,  and  random  variables 
that  we  use  in  our  analysis. 

Parameters  and  Constants: 


N  = 

M  preamble  = 

M  phase  = 

headdress  = 
Msiart  = 


number  of  nodes  in  the  network 
preamble  duration 
phase  duration 
address  duration 
start  code  duration 
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M$tOp  = 

N-to  = 

MswitchRT  = 
MSwitchTR  = 

Mpr0p  = 

Mjoss  = 
Mm  = 
Msynch  = 

M  polling  = 
Mjj  = 

Mt2  = 

Mt3  = 

Mt4  = 

Mt5  = 


stop  code  duration 
time-out  duration 

receive  to  transmit  switching  duration 
transmit  to  receive  switching  duration 
propagation  delay  duration 
signal  presence  loss  determination  duration 
message  indicator  duration  for  the  crypto 
Mpreambie  +  Mphase  =  synchronization  duration 
MSwitchRT  Msynch  MafiHrpcc  —  DNCS  polling  duration 
constant  time  duration  associated  with  eve1*:  1 
constant  time  duration  associated  with  event  2 
constant  time  duration  associated  with  event  3 
constant  time  duration  associated  with  event  4 
constant  time  duration  associated  with  event  5 


Random  Variables: 


Mmessage(to)  =  message  duration  at  a  node  in  a  stage. 

A/,(co,)  =  message  duration  in  stage  /  of  a  net  cycle  (also  denoted  as  Mi) 

T,((n)  =  duration  of  event  i  in  a  stage  (also  denoted  as  7,) 

7>st(gi,c)  =  duration  of  a  stage  (also  denoted  as  Dst) 

Di(toi,Ci)  =  duration  of  stage  i  in  a  net  cycle  (also  denoted  as  Dt) 

Dtic(0),c)  =  duration  of  a  net  cycle  (also  denoted  as  £>nc)- 

(Note  that  (0  and  c  are  vectors  [C0(ii,C0(2) . W(N-i)l  and  [c(1),C(2) . C(amj] 

respectively,  and  have  elements  that  are  indexed  by  the  stage:  in  a  net  cycle.) 

The  random  variable  Af  messaged)  represents  the  duration  of  the  TDS  data 
transmission  at  a  PU.  It  does  not  include  the  duration  of  the  message  indicator  (MI),  which 
has  already  been  defined  in  the  above  list  of  constants.  Mmes sage(co)  is  defined  over  the 
probability  space  (Q^afQ*/),  P^),  where  the  elements  of  Q-m  represent  the  number  of  M- 
series  messages  generated  at  a  node  in  a  stage,  and  where  Pm  is  the  probability  measure  of 
Mmessage((o).  We  will  define  P*j  in  more  detail  later  in  this  paper. 

The  random  variable  7,(co)  represents  the  duration  of  event  i  in  a  stage.  Each  7, (to) 
is  a  function  of  Mmessage(0)),  and  is  defined  over  the  same  probability  space  as 
M messaged).  We  define  a  separate  7,(to)  for  each  of  the  five  events  that  have  non-zero 
probabilities.  The  7,<co)'s  are  ;alculated  as  follows: 

7 l(G0)  =  M polling  Mprop  +  MswjtcbRX  Msynch  Msiart  M\f] 

+  ^fmessage(^)  Msiop  +  Mpf0p 
=  A/meSsage(^)  M^j 
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7-2(0) 


—  Mpoiiing  +  Mprop  +  MSwiichRT  +  MSynCh  +  Mstart  +  Mmi 
+  ^7message(0)  +  Ms  top  Mprop  +  M]oss 
=  AZmessage(O)  +  Mjj 

7-3(0)  =  Mpoiiing  +  Mio  +  Mpolling  +  Mjjrop  +  M$witchRT  +  MSynch 

+  Mstart  +  Mmi  +  ^fmessage(Ol)  +  Mstop  +  Mprop 
=  ^7message(o)  +  Mjj 

74(0)  =  Mpojiing  +  Mto  +  Mpolling  Mprop  +  MswiichRT  MSynch 

+  Mstan  +  Mmi  +  Mmessage(0)  +  Mstop  ■*"  Mprop  +  Mjoss 

=  ^7message(0)  +  M74 

7*5(0)  =  Mpolling  +■  M^  +  Mpolling  +  Mto 

=  Mi's 

The  constants  Mj(  represent  the  sum  of  the  constants  associated  with  each  event  i. 

The  random  variable  Dsx(o.c)  represents  the  duration  of  a  stage.  Note  that 
£>st(o,c)  is  a  function  of  both  o  and  c.  That  is,  Dst(o,c)  is  a  function  of  the  number  of 
messages  that  a  node  must  transmit,  and  a  function  of  the  five  events  that  have  non-zero 
probability.  Dst(o,c)  is  a  function  over  the  probability  space  (Qst>o(£2st),  pDst)>  where 
£2sr  =  £7e  x  .  and  where  Pdst  =  PePm-  The  duration  of  a  stage  is  then  calculated  as 

7-1(01)  if  c  =  co 

72(0))  if  c  =  C5 

Dst(cd,c)  =  <  r3(0))  lfc  =  c6 
74(01)  if  c  =  C9 

75(01)  if  c  =  C}0 

<  0  otherwise  (i.e.,  all  other  Ci's) 


Note  that  our  event  space  Qst  is  much  larger  than  the  one  we  first  defined.  An 
event  in  a  stage  of  our  model  is  no  longer  just  one  of  the  sixteen  possible  c,'s,  but  is  one  of 
the  ci’s  with  an  associated  message  length  taken  from  01.  The  expectation  for7>sT(oi,c)  is 
calculated  as  follows: 


E[Dst(oi,c)] 


[  J  T,<oi)  dPM(oi)] 
^m 


PeIQ] 


=  X  [  J  7",(ci)  dPM(oi)]  bi 
i=1  fiw 
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=  £  E[r,(co)]  bi 
i=  1 

The  random  variable  T,(co)  could  be  either  continuous  or  discrete.  In  our  model 
however,  we  let  T,(co)  be  a  discrete  random  variable  because  we  define  Mmessage(co)  as  a 
discrete  random  variable.  The  second  moment  of  Dst  *s  expressed  as  follows: 

e  tf>Jr]  = 

*=  1 

Given  the  first  and  second  moments  of  Dst.  we  calculate  the  variance  of  Dst  as 
VarCDsr)  =  E[D|t]  -  E[DST]2 

=  I  E[T>)]  bL  -  ^ 

where  |iDsT  is  the  expectation  of  Dst- 

The  random  variable  Dnc  represents  the  duration  of  a  net  cycle,  and  is  the  sum  of 
the  duration  of  each  stage,  plus  the  duration  of  one  start  code,  one  stop  code,  and  the 
duration  of  the  TDS  data  transmitted  by  the  DNCS  in  a  net  cycle.  The  last  three  terms  are 
necessary  because  the  stages,  as  we  have  defined  them  in  our  model,  do  not  include  the 
duration  of  the  TDS  data  transmitted  by  the  DNCS.  We  express  Dnc  for  an  N  node 
network  as  follows: 

Dnc  =  Di  +  D2  +  D3  +  ...  +  Ds.\  +  MSUttt +  Mmi  +  Ms  +  Mst0p 

AM 

=  2,  Dk  +  Ms  +  Mstan  +  Mmi  +  MSU3p 
k=  1 

Ms  is  the  TDS  message  duration  of  the  DNCS.  Note  that  the  components  of  Dnc 
are  always  assumed  to  be  independent  random  variables.  That  is,  the  duration  of  one  stage 
is  independent  of  the  duration  of  another  stage.  Thus,  the  duration  of  a  TDS  transmission 
at  one  node  is  independent  of  the  duration  of  a  TDS  transmission  at  another  node. 
However,  the  D*'s  are  not  necessarily  identically  distributed.  The  traffic  load  is  not 
necessarily  the  same  for  all  nodes;  different  nodes  may  have  different  numbers  of  tracks. 
The  probabilities  of  occurrence  of  the  five  elementary  events  may  also  differ  for  each  of  the 
AM  stages.  The  probabilities  of  the  events  may  differ  due  to  differences  in  the  link 
conditions  between  the  PUs  and  the  DNCS.  The  expected  value  of  Dnc  can  be  written  as 

E[Dnc]  =  E[Dj]  +  E[D2]  +  ...  +  E[Dn-i]  +  E[A/\]  +  Mstart  +  Mmi  +  Mst0p 

AM 

=  2  E[D*]  +  E [Ms  ]  +  Msun  +  Mmi  +  Mslop 
*=1 
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Since  the  variance  of  a  sum  of  independent  random  variables  is  equal  to  the  sum  of 
the  variances  of  the  random  variables,  we  have 

N- 1 

Var(DNc)  =  X  Var(D*)  +  Var(MN) 
k=  1 

If  the  model  were  expanded  to  include  collisions,  the  components  of  £>nc  would  not 
be  independent.  The  duration  of  a  stage  could  be  dependent  on  what  has  happened  in  other 
stages,  and  our  expression  for  the  variance  of  £>NC  would  not  be  valid. 

4.3  Derivation  of  Simplified  Expressions  for  the  Net  Cycle  Time 

In  this  section,  we  derive  a  simplified  expression  of  the  net  cycle  time.  We  assume 
that  each  track  at  a  node  generates  either  one  or  two  M-series  messages  per  net  cycle  period 
(in  the  case  of  an  air  track,  the  probabilities  of  generating  one  or  two  messages  are  both 
equal  to  one-half)-  In  the  current  Link-1 1  system,  the  duration  of  one  M-series  message  is 
two  modem  frames,  each  frame  containing  30  bits.  This  includes  48  data  bits  and  12 
EDAC  bits  per  M-series  message.  Given  that  m  M-series  messages  are  generated  at  a 
node,  the  duration  of  the  TDS  portion  of  a  node’s  transmission  is  then 

=  4>rn 

where  <(>  =  (2  j^j^s)(0.01333  represents  the  duration  of  the  transmission  of  one 

M-series  message.  We  let  m  equal  the  random  variable  Aff„j(co),  where 


M(n)(a>)  =  n  +  Y{n)((o). 


M(n)((D)  represents  the  number  of  M-series  messages  generated  at  a  node  in  one  stage. 
YfnJ( co)  represents  the  number  of  tracks  that  generate  two  M-series  messages  instead  of 
one.  T(„)(to)  has  a  binomial  distribution  with  p  =  npM,  where  n  is  the  number  of  tracks  at  a 
node,  and  pm  is  the  probability  that  a  track  generates  two  M-series  messages  instead  of 
one.  The  value  of  T(nj(<fl)  ranges  from  0  to  n,  and  the  value  of  M(n)(a)  ranges  from  n  to 
2 n.  The  random  variable  that  describes  the  message  duration  at  a  node  with  n  tracks  is 

Mmesstge(n)(w)  =  <j>[n  +  rw((o)] 

To  approximate  the  case  of  air  tracks,  we  let  pm  equal  0.5.  The  expected  value  of 

^  message^ 

E[A/| message^]  =  ~^^Pm\ 

=  0n(l+pM) 

=  1.5<J>n  for  pm  =  0.5 
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The  second  moment  of  Mmcssage^( to)  is 
^[^message(nj(W)]  =  E[(<J>n  +  ())  y^(CD))^] 

=  E[(4>n  )2]  +  E[2<j>2n  y(„)((0)]+  E[<|)2  Tf2/co)] 
=  (J>2n  2  +  itfnpun  +  4>2  [ pm  +  pu  n  (n  - 1)] 

=  <t>2«  (PM  -  PM2)  +  ty2n  2(1  +  2pM  +  pm2) 

=  0.25 <j>2n  +  2.25<j >2n  2  for  pm  =  0.5 

The  variance  of  Mmcssag^^  is 


V  ar[Mmessagc^]  —  4>V  ar[y^] 

=  <t»npM(l-PM) 

=  0.25<J>n  for  pm  =  0.5 

Since  we  have  now  fully  described  A/ message^,  we  can  go  ahead  and  describe  the 
expectation  and  variance  of  the  duration  of  event  i  in  a  stage  having  n  tracks.  The 
expectation  of  the  duration  of  event  i  (i.e.,  the  expectation  of  7;)  is  calculated  as  follows: 


E[T;(a>)] 


fE[Mniessage/„}({0)]  +  Mj-- 

IMr, 

Un  (1+pm)  +  Mr,- 

\MTi 


for  i  =  1,2, 3,4 
for  i  =  5 


for  i  s=  1,2, 3,4 
for  i  =  5 


The  second  moment  of  7,(co),  for  i  =  1 ,2,3  and  4,  is  calculated  as  follows. 

EjT i  (0))]  =  E[(Afmessagefnj(w)  +  )2] 

=  E[A/rnessage('nj(C^)]  +  2  Mjj  E[A/rnessage^n^(0))J  +  M2. 

=  [<J>2n  (pm-Pm2)  +  <t>2«  2(1+2pm+Pm2)]  +  2<j>n  Mr,  (1+Pm)  +  M2. 
=  O.2502n  +  2.25 tfn  2  +  3$n  Mf,  +  M2.  for  pm  =  0.5 
And  the  second  moment  of  7,(0))  for  i  =  5  is 
E[72(0))]  =  M2,. 
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The  variance  of  event  i  is 


Var[T,((0)]  =  •  ^ar^messa8e(,n^  "  "PmO'Pm) 


for  i  =  1,2, 3, 4 
for  i  =  5 


All  of  the  above  expectations  are  with  respect  to  n,  the  number  of  tracks  at  the  node 
in  the  stage.  For  any  given  n  and  pm,  we  can  find  a  numerical  answer  for  the  expectations. 
Now  that  we  know  the  statistics  of  T,(fo),  we  can  calculate  the  statistics  of  the  duration  of  a 
stage,  Dst-  The  expectation  and  variance  of  Dst  are 

E[Dst]  =  £  E[T,(co)]  bt 

i=l 

=  Z  [<f>«  O+Pm)  +  Mr,-  ]  (bd  +  (MT5)(b5) 

=  [<J)n  (1+Pm)  +  My-j  ](bi) 

+  [<jw  (1+Pm)  +  Mt-2  ]  (i>2) 

+  [<}>«  (1+pm)  +  Mr3  ](b3) 

+  [<(w  (1+Pm)  +  Mr4  ](b4) 

+  (M75X&5) 

E[D&]  =  £  E[7^(co)]  bi 

=  [02«  (pm-Pm2)  +  2(1  +  2pm  +  Pm2)]  (bi+b2  +  bi  +  b4) 

+  [2<Jw  Mjj  (1+pm)  +  M^]  (b\) 

+  [2 (J>n  M72  (1+Pm)  +  M2J  (£>2) 

+  [2<|>n  Mr3  (l+pM)  +  M2J  (£3) 

+  [2<t>n  Mp4  (1+pm)  +  M2J  (64) 

+  (M2.)^) 

Var(D<rr)  =  E[D  2T]  -  E[DST]2 
(forpM=0.5) 

=  [(0.254>2/i  +  2.25<j)2n  2)(&i  +  &2  +  63  +  P4)  +  (3^«  Mri  +  M r2)(fci) 

+(3<j>«  Mj2  +  M j2)(b2)  +  (30n  Mj-3  +  M  23)(£>3)  +  (3<f>n  Mj4  +  M  24)(b4)  +  (Mj5)(bs) J 
-  f(1.5<j>n  +  Mjj)(6i)  +  ( 1 .5<J>/i  +  Mj2)(p2)  +  (E50n  +Mj3)(^3) 

+  (1.5<w  +  Mr4)(b4)  +  (Mr5)(b5)] 
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We  assume  that  the  6;'s  are  the  same  for  all  stages  and  that  all  nodes  have  the  same 
traffic  load  of  n  tracks.  Because  of  this,  we  can  let  M*  =  A/st  for  all  k,  and  D*  =  Ds j  for 
all  k.  We  can  then  simplify  the  expression  for  E[Dnc]  and  Var[£>NC],  and  add  the  subscript 
(n)  to  indicate  that  each  node  has  the  same  traffic  load  of  n  tracks. 

N- 1 

2  E[DjJ  +  E [Mtf]  +  Mstart  +  MmI  +  Mst0p 
k=  1 

(N-l)  E[Dst]  +  H[Mst]  +  Mstart  +  Mmi  +  Mst0p 

(AM)[  £  E[Tj((o)]  bi  ]  +  1.5<tm  +  Mstart  +  Mmi  +  MsloP 
i=  I 

(AM)(1.54m  +UTl)(bx) 

+  (N-l)(1.5<|m  +  MT2){b2) 

+  (W-l)(  1.54>n  +  MjjXbj) 

+  (Ar-l)(1.54m  +M  u)(bA) 

+  (N-lWT5)(b5) 

+  1 .54m  +  Mstart  +  Mmi  +  MStop 

The  variance  can  be  expressed  as 

Var(Z>Nc)  =  21  Var[Osr]  +  Var[MST] 

*=1 

=  (N-l)Var[DsT]  +  Var[MsT] 


(for  pM  =  0.5)  = 


(for  pM=0.5) 

=  (N-l)  [(0.254>2n  +  2.254>2n  2)(bi  +  b2  +  *>3  +  *>4)  +  (34m  MTl  +  M^)(&i) 

+(34>n  M t2  +  M22)(62)  +  (34>n  Mr3  +  M^jfo)  +  (3 4m  +  m£)(&4)  +  (M 25)(b5)] 

-  (N-l)[(1.54>n  +  MjjKbO  +  (1.54m  +MT2)(&2)  +  U.54>n  +  MT3)(b3) 

+  (1.54m  +  Mj4)(b4)  +  (M75)(i>5)J  +  0.25 4m 

4.4  Derivation  of  Channel  Utilization 

Under  the  same  simplifying  assumption  as  the  last  section  (i.e.,  uniform  channel 
conditions  and  uniform  track  load),  we  can  represent  the  TDS  injected  traffic  duration  (i.e., 
TDS  injection  duration)  in  one  net  cycle  as 

AM 

MtDS/NC^  =  .IMtDS/s!^  +  Mmessage^j 
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where  we  define  the  TDS  injection  duration  for  one  stage  with  n  tracks  as 


M-rDS/st^ 


3f  message^  if  C  —  Cjo>C9»C6»C5 

0  if  C  =  CO 


Note  that  n  has  the  same  value  for  all  nodes  because  of  our  assumption  of  a  uniform  traffic 
load  among  nodes.  The  expectation  of  Mtds/nC(„)  is 

E[Afjx>S/NC^]  —  (N-l)E[Afmessage^](^l  +  l>2  ^3  +  ^4)  E[Mmessage^] 

(forpM  =  -5)  =  1.5<f>n  (N-l)(bi  +  b2  +  b3  +  +  1.5<|m 

The  total  duration  per  net  cycle  devoted  to  the  switching  time,  the  preamble,  the 
phase  reference,  propagation  delays,  the  time-outs,  and  the  loss  of  signal  time-outs  (i.e., 
guardband  and  preamble  duration)  can  be  represented  as 


N- 1 

A*GB/Pre/N C(n)  =  X  ^GB/Pre/st^j 


where  we  define  the  guardband  and  preamble  duration  for  one  stage  as 


3^GB/Pre/sy„)  — 


2  MswitchRT  ■*"  2  Mpreamble  2  Mphase  +  2  Mprop 

2  MswitchRT  +  2  Mpreamble  +  2  Mphase  +  2  Mprop 

3  MswitchRT  "*■  3  Mpreamble  3  Mphase  2  Mprop 
3  MswitchRT  +  3  Mpreamble  +  3  M phase  +  2  Mprop 
2  MswitchRT  2  Mpreamble  +  2  Mphase  +  2  Mto 


+  Mjoss 
+  Mu, 

+  Mto  +  Mloss 


The  expectation  of  AfGB/Pre/Nq„;  is 


if  c  =  cio 
if  c  =  C9 
ifc  =  c6 

if  c  =  C5 

if  c  =  cq 


EtMcB/Pre/NC^  = 

b\  (N  -  1)(2  MswitchRT  ■*"  2  Mpreamble  +  2  M phase  +  2  Mpr0p) 

+  bj  (N  -  1)(2  MswitchRT  2  Mpreamble  +  2  Mphase  2  Mprop  Mj0ss) 

+  63  (N  -  1)(3  MgwitchRT  +  3  Mpreamble  +  3  M phase  2  Mjjr0p  +  Mto) 

+  (N  -  1)(3  MswitchRT  +  3  Mpreamble  +  3  Mphase  +  2  Mprop  Mto  M]0ss) 

+  65  (N  -  1  )(2  MswitchRT  +  2  Mpreamble  +  2  Mphase  +  2  Mt0)  • 


The  total  duration  per  net  cycle  devoted  to  the  start  codes,  stop  codes,  and  the  Mi’s 
(i.e.,  header  duration),  given  the  same  simplifying  assumptions  as  above,  can  be  written  as 


N- 1 

A^DB/header/NCfn)  =  X  M  DB/header/st^j  +  Mstart  +  MmI  +  Mst0p 
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where  we  define  the  header  duration  for  one  stage  as 


M  DB/header/sy 


(Mstart  M\1I  +  Mstop) 
0 


if  C  —  C}Q,C9>Cg>C5 

if  c  =  Co 


The  expectation  of  MoB/header/NC^  is 

E[AfDB/header/NC(„j]  =  (A^-l)  (MsUrt  +  MmI  +  Mstop)  (b\  +  bi  +  +  64) 

+  Mstan  +  M\«  +  Mstop 

The  total  duration  per  net  cycle  devoted  to  the  address  codes  (i.e.,  net  management 
duration)  can  also  be  expressed  as 


AM 


MNet/Mgmt/sy„j  ~  X  M  Net/Mgmt/sy„j 


where  we  define  the  net  management  duration  for  one  stage  as 


_  /^address 

MNet/Mgmt/sy^  -  |2Maddress 


if  c  =  C101C9 

1  f  C  —  C6,C5,Cq 


The  expectation  of  MNct/Mgmt/sy„j  is 

E[AfNet/Mgmt/Nqnj]  =  (N-l)  QAaddressXh  +  h) 

+  (N-l)(2M«idreSs)(63  +  ft4  +  fr5) 


If  the  expected  values  that  we  have  derived  in  this  section  are  divided  by  the 
expected  value  of  the  net  cycle  time,  the  result  will  yield  the  percent  utilization  of 

the  channel  capacity  devoted  to  each  of  the  respective  categories. 


4.5  Derivation  of  Normalized  Effective  Throughput 

Let  the  random  variable  J  represent  the  number  of  nodes  that  have  correctly  received 
the  preamble,  the  phase  reference,  the  start  code,  and  the  MI  transmitted  in  a  stage  where 
the  polling  protocol  succeeded  between  the  DNCS  and  the  picket  station  (events  1,2,3  or 
4).  By  virtue  of  its  definition,  J  represents  the  nodes  that  have  the  potential  for  contributing 
to  the  throughput  statistics  of  a  stage  because  these  nodes  have  the  potential  for  correctly 
receiving  M-series  messages  in  that  stage.  They  have  reached  this  status  by  having ' 
correctly  received  the  picket  station's  transmission  up  to  and  including  the  MI.  The  value 
of  J  ranges  from  0  to  N- 2  because  we  do  not  consider  the  transmitting  picket  station  a 
candidate  for  receiving  its  own  transmission,  and  we  do  not  consider  the  DNCS  because  it 
comes  under  a  different  probability  measure  (i.e.,  we  have  already  assumed  that  the  DNCS 
has  correctly  received  the  preamble,  phase  reference  and  start  code,  so  the  DNCS  only 
needs  to  correctly  receive  the  MI  in  order  for  it  to  be  a  potential  contributor  to  the 
throughput  statistics).  If  we  let  pj  represent  the  probability  that  a  PU  has  the  potential  for 
correctly  receiving  M-series  messages  in  a  stage,  we  can  express  it  as  follows. 
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PJ  —  (P synch)  (Pstart)  (PMl)- 

Note  that  we  assume  that  all  errors  are  detected.  The  probability  that  j  out  of  N-2 
nodes  have  the  potential  for  correctly  receiving  M-series  messages  is  the  probability  that  J 
equals  j.  Since  the  correct  reception  of  a  message  at  each  node  is  independent  of  that  at  any 
other  node,  this  probability  can  be  expressed  as 

Prtf=j)  =  (Nj2)  Pj‘  O-Pjf-2' 

where  the  value  of  j  ranges  from  0  to  N-2.  From  the  above  expressions,  we  can  write  the 
expectation  of  J  as 

H  [J]  =  (N-2)pj 

Suppose  that  one  M-series  message  is  transmitted  in  a  given  stage  (i.e.,  events  1, 2, 
3,  or  4).  We  let  the  random  variable  X  represent  the  number  of  nodes  that  correctly  receive 
this  M-series  message.  The  domain  of  X  ranges  from  0  to  the  total  number  of  nodes  that 
are  candidates  for  correctly  receiving  this  M-series  message  (not  considering  the  DNCS  or 
the  transmitting  PU).  We  let  ps  represent  the  probability  that  a  node  correctly  receives  an 
M-series  message,  assuming  that  it  is  a  candidate  for  receiving  the  M-series  message.  If  J 
is  the  total  number  of  nodes  that  are  candidates  for  correctly  receiving  the  M-series 
message,  then  the  probability  that  k  out  of  J  nodes  receive  this  message  is 

P {*=*}=  (*)  psk  (1-Pi)7  *  • 

The  value  of  k  will  range  from  0  to  J,  and  the  value  of  J  will  range  from  0  to  N-2.  We  can 
express  the  expectation  of  X  as 

E[X]  =  I?  E[X  I J  =  i]  Pr{/  =  i) 

i=  1 

=  ili  Ps]  Pr [J  =  i] 

«=  l 

N-2 

=  Ps  I  i  Pr {/  =  /} 

i=i 

=  psE[J] 

=  ps  (N-2)pj 

E[X]  is  the  expected  number  of  nodes  that  will  correctly  receive  an  M-series 
message  given  that  one  M-series  message  was  transmitted.  We  now  define  the  random 
variable  /?M-seriesi(*)  as  the  total  throughput  of  the  transmission  of  one  M-series  message 
in  an  event  having  only  one  M-series  message  transmission.  /?M-sehesi  is  defined  as 

^M-seriesi(^)  =  B  X(k) 
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E  is  the  the  number  of  TDS  bits  in  an  M-series  message.  If  two  M-series  messages  are 
transmitted,  and  A'lf/ti)  is  the  number  of  nodes  that  received  the  first  message,  and  X2(k2) 
is  the  number  of  nodes  that  received  the  second  message,  then  the  total  throughput  for  the 
two  messages  is 

^M-series2(^)  =  B[Xi(&i)  X2{k2)\ 

The  element  k  is  now  the  ordered  pair  ( k  \,k  2).  If  m  M-series  messages  are  transmitted, 
then  the  total  throughput  is 

*M-seriesm(*>  =  )  +  X2(k2  )  +  ...+  Xm(km)] 

=  BI  Xitti)  . 

<=1 

We  assume  that  the  reception  of  an  M-series  message  at  a  node  does  not  affect  the 
reception  of  any  other  M-series  messages,  either  at  the  same  node,  or  at  another  node.  We 
also  assume  that  the  the  probability  ps,  of  correct  reception  of  an  M-series  message  at  a 
node  is  a  constant,  and  equal  for  all  nodes.  As  a  result  of  these  assumptions,  we  have 
independent  and  identically  distributed  Xi  s. 

Here  is  a  figurative  summary  of  the  computation  of  the  random  variable  I?M-seriesm. 
For  each  M-series  message  that  is  transmitted  in  a  stage,  we  say  that  one  ’’point"  is 
"scored"  by  each  node  that  correctly  receives  the  M-series  message.  Only  those  nodes  that 
have  correctly  received  the  MI  for  that  event  are  allowed  to  "play"  and  score  points.  The 
number  of  ’’players”  is  /,  and  a  new  J  is  generated  each  event.  The  players  have  the 
opportunity  to  score  one  point  each  time  a  new  M-series  message  is  transmitted  (that  is,  in 
each  "round").  Each  Xi  stands  for  a  separate  round,  and  there  are  m  rounds  in  each  event. 
The  "point  value"  of  a  score  is  B  and  represents  the  number  of  bits  contained  in  an  M-series 
Message.  /?M-serieSfn  is  the  total  score  from  all  players  in  a  stage  that  is  composed  of  m 
rounds.  Thus,  /?M-seriesm  represents  the  total  number  of  correctly  received  bits  in  an  event 
in  which  m  M-series  messages  were  transmitted  (excluding  the  bits  that  the  DNCS  may 
receive). 

Recall,  however,  that  the  value  of  m  is  actually  a  random  variable  itself.  We 
defined  m  earlier  to  be  the  random  variable  M(n){V))  =  n  +  Y(n)((H).  Using  Af(„)(co)  instead 
of  m,  we  now  define  a  new  random  variable,  I?E(n)(fc,co),  that  represents  the  total 
throughput  in  events  1,  2,  3,  4  or  5,  with  n  tracks  being  reported  on  by  the  node  in  that 
event  (and  again,  not  counting  the  total  throughput  of  the  DNCS).  The  element  k  is  now 
(ku  k2,...,  kn)  and  the  value  of  M„((0)  varies  from  n  to  In.  Rz(n)(k,Vi)  is  expressed  as 

*£(„)(*,©)  =B  I  Xi(ki) 
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We  can  find  the  expected  value  of  R^n^k,ui)  as  follows: 

E[/?E(n)J  =  [e[/?e(„)  I  M(n)  =  i)  (Prob[M(„j  =  i})] 

i=n 

=  HI  [(x  E[X,])  (Prob[Afw  =  i])] 

i=n  j=  1 

=  61  [/(Em)  (Prob[Mw  =  fl)] 
i=n 

=  6  E[AT]  £  [/  (Prob[Af(„)  =  /])] 

i=n 

=  6  E[M(nj\  E[X] 

=  B  npspj(N-2)(l+pM) 

Recall  that  pm  is  the  probability  that  a  track  generates  two  M-series  messages  instead  of 
one. 

We  now  define  the  random  variable  /?st^(Jfc,to,c)  which  represents  the  total 
throughput  of  a  stage  with  n  tracks  being  reported  on  by  the  node  in  the  given  stage.  Note 
that  this  random  variable  does  not  count  the  total  throughput  of  the  DNCS.  /?st(n)(Jfc,G),c)  is 
expressed  as  follows: 

Rst(Ak,(o,c)  =  { *E  („)(*>«))  jfc-  co,c5,C6,c9 

“ ’  10  if  C  =  Cio 

The  expectation  of  Rs^(k,(a,c)  is 

E[Rst(n)]  =  I  E[/?E(n)]  bi 

=  E[  R^Zbi 
=  (1-&5  )WEin)] 

So  far,  we  have  ignored  the  contribution  of  the  DNCS  to  the  total  throughput  (i.e., 
the  expected  number  of  messages  successfully  received  by  the  DNCS).  The  DNCS  was 
ignored  because  it  already  synchronized  with  the  PU  if  events  1, 2,  3,  or  4  occurred.  The 
total  throughput  of  the  DNCS  is  therefore  based  only  on  the  probability  of  correct  MI  and 
Message  reception.  We  express  the  total  throughput  of  the  DNCS  in  a  stage  as 

Rj  (ta  c)  -  1  bRn(U>)  if  C  =  Co,C5,C6,C9 

Kdncs(n)(G>,C)  ifc  =  Cl0 
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where  Rn( co)  is  the  number  of  M-series  messages  received  by  the  DNCS  in  either  stages  1, 
2,  3,  or  4.  Pn(co)  ranges  from  n  to  In,  and  the  probability  that  /?„(&))  =  k  is 

P{*n=*}  =  PMI  Psk  (1  -PsY**-k 

The  average  of  the  total  throughput  of  a  stage  in  which  the  DNCS  transmits  can  be  derived 
by  using  techniques  similar  to  the  ones  we  used  earlier  in  this  memorandum.  This  average 
can  be  expressed  as  the  following: 

E[/?dncs(rt)]  =  fi  npspMi(l+PM)  (bi+b2+b3+b4) 

=  B«APMI(1+Pm)0-&5) 

The  total  throughput  in  a  stage  (/?ST(„))  is  the  sum  of  the  total  throughput  of  the 
picket  stations,  plus  the  total  throughput  of  the  DNCS.  The  expression  for  RsTt„)(h<D)  and 
its  expected  value  is 

RsT(n)(ky(ti)  —  RtKn)(k,(0)  +  f?dncs(n)(&>£0) 

E[/?ST(n)l  =  E[f?st^wj]  +  E[/?dncs(n)] 

=  Qnpspj(N-2)(\+pM)(\-bs)  +  Bnp5PMi(l+PM)(l-^5) 

=  B  nps  ( 1  +Pm)CpX^-2)+PmiJ  (l-6s) 

The  total  throughput  in  a  net  cycle  (/?no„))  is  the  sum  of  the  total  throughput  in  N- 1  stages 
(PsT(„)),  plus  the  total  throughput  the  PUs  for  the  TDS  data  transmitted  by  the  DNCS 
(/?DNCS(„)).  which  is  not  accounted  for  in  any  of  the  stages.  The  expected  value  of 

R DNCS(„)(^iU))  is 

E[f?DNCS(„>]  =  B/ip,p/(AM)(l+/?M) 

This  value  is  almost  the  same  as  that  of  E[/?st(ik,o))]  except  that  the  total  number  of  possible 
receiving  nodes  is  N-l  instead  of  N-2.  This  is  because  the  DNCS  is  the  transmitting  node, 
and  we,  therefore,  count  all  nodes  except  for  the  DNCS.  If  we  let  all  nodes  have  the  same 
number  of  tracks  to  report  on,  we  can  express  the  expected  value  of  /?NC(„)(fc.“)  as: 

N-l 

E[/?NC(„)]  =  X  E[/?ST(*)1  +  E[/?DNCS(n)] 

=  (A/-1)  B/ip,(1+Pm)[pX^-2Hpmi](1'^5)  +  BnpjP/fN- 1 )( 1  +Pm) 

=  Bnpj  (AA-1)(1  +pM)  { ( 1  -b5)[pj{N-2)+pMi]  +  py) 

Here  again,  we  have  assumed  independence  between  stages.  Using  our  earlier 
definition,  if  we  divide  the  average  total  throughput  of  a  net  cycle  by  the  average  duration 
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of  a  net  cycle  (i.e.,  average  net  cycle  time),  we  get  the  average  TDS  reception  throughput  of 
the  network.  This  average  is  represented  as 


EM W  = 


E[*nc<J 

E[T>nc(„)] 


Furthermore,  if  we  divide  the  average  TDS  reception  throughput  by  AM,  the 
resulting  value  represents  the  average  reception  throughput  normalized  for  a  single  channel. 
That  is,  it  represents  the  effective  TDS  throughput  of  a  channel  in  which  TDS  information 
is  exchanged  between  a  single  transmitter  and  a  single  receiver.  The  normalized  effective 
throughput  is  represented  as 


EU/effa]  = 


E[*nqJ 

(AM)E[DNC(b)] 


5  Results  from  the  Model 

This  section  provides  some  example  results  obtained  from  the  probabilistic  model . 
These  types  of  results  can  be  used  in  comparing  the  performance  of  different  modems  as 
they  affect  the  performance  of  the  network.  Figure  3  shows  the  averages  and  standara 
deviations  of  the  net  cycle  time  for  a  parallel  tone  modem  using  the  current  Link- 1 1  frame 
structure,  when  the  probability  of  modem  synchronization  changes  from  zero  to  one.  The 
values  are  calculated  with  network  sizes  of  10, 20,  30  and  ^0  nodes.  The  probabilities  for 
correct  reception  of  the  picket  addresses,  the  start  codes,  the  stop  codes,  the  Mi's,  and  the 
M-series  messages  were  set  to  one  in  generating  figure  3.  The  traffic  load  on  the  network 
is  20  air  tracks  per  node. 

Note  that  the  average  net  cycle  time  increases  as  the  probability  of  synchronization 
increases,  and  that  the  increase  is  more  pronounced  with  larger  network  sizes.  This  is  due 
to  the  fact  that  more  DNCS  interrogations  succeed  as  the  probability  of  synchronization 
increases,  resulting  in  an  increased  amount  of  TDS  transmissions  into  the  network.  The 
average  net  cycle  time  decreases  slightly  when  the  probability  of  synchronization  increases 
from  about  0.9  to  1.0.  This  is  because  with  a  synchronization  probability  of  0.9,  most  of 
the  picket  stations  correctly  receive  at  least  one  of  the  two  interrogations  sent  to  them.  With 
a  synchronization  probability  of  1.0,  all  the  nodes  correctly  receive  the  first  interrogation, 
and  the  time-out  period  associated  with  the  second  interrogation  is  no  longer  present. 

Plots  of  the  averages  and  standard  deviations  of  the  net  cycle  time.,  as  functions  of 
synchronization  probability  for  a  currently  proposed  single  tone  modem  have  also  been 
generated.  These  plots  are,  as  expected,  virtually  identical  to  the  those  of  the  parallel  tone 
modem  in  figure  3.  The  reason  for  the  differences  is  due  to  the  fact  that  the  data  frame 
structure  of  the  proposed  single  tone  modem  differs  slightly  from  the  frame  structure  of  the 
current  parallel  modems.  Currently,  when  a  node  transmits  data  (just  after  transmitting  a 
start  code),  it  transmits  an  MI  (24  bits)  followed  by  encrypted  TDS  data.  The  MI  is  used 
by  the  receiving  nodes  to  decrypt  the  transmitted  data.  The  proposed  single  tone  modem 
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40  nodes 


0.2  0.4  0.6  0.8  1 

Probability  of  synchronization 


Probability  of  synchronization 
(note:  all  other  probabilities  in  model  are  set  to  1) 

Figure  3.  Average  and  Standard  Deviation  of  Net  Cycle  Time  vs. 

Probability  of  synchronization,  with  different  network  sizes 
(Parallel  Tone  Modem) 
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includes  the  MI  in  a  special  transmission  header  that  is  used  as  a  substitute  fcr  the  start 
code.  The  MI  therefore  not  transmitted  at  the  beginning  of  the  TDS  data  since  it  is  already 
transmitted  in  the  header.  We  thus  set  the  duration  of  the  MI  in  our  model  to  zero  when 
modelling  the  proposed  modem;  all  other  event  durations  defined  in  the  model  are  equal  in 
both  the  current  and  proposed  modems.  This  is  because  the  effective  synchronization 
duration,  start  code  or  header  duration,  and  the  effective  user  bit  rates  are  the  same  for  both 
modems.  A  discretion  of  proposed  modem' s  frame  structure  is  included  in  reference  2. 

The  major  distinguishing  differences  between  the  current  and  proposed  modems  lie 
in  the  probabilities  of  synchronization  and  the  bit  error  rates.  The  proposed  modem  uses 
error  detection  and  correction  coding  techniques  that  were  not  available  at  the  time  of  the 
design  of  the  currently  used  modems.  Under  similar  channel  conditions,  the  probabilities 
of  synchronization  and  of  correct  message  reception  are  generally  higher  for  the  single  tone 
modem  than  for  the  parallel  tone  modem.  Since  figure  3  applies  to  both  modems,  the 
operating  points  of  the  network  for  each  modem  will  lie  on  different  points  of  the  graphs  in 
figure  3  for  any  given  set  of  channel  conditions.  These  graphs  can  thus  be  used  to  compare 
the  network  perform  with  different  modems  under  similar  and  uniform  channel  conditions. 

Figure  4  shows  the  averages  and  standard  deviations  of  the  net  cycle  time  under  the 
same  parameters  as  those  used  in  Figure  3,  except  that  the  number  of  nodes  in  the  network 
remains  at  20,  and  the  traffic  load  varies  from  10,  15,  25,  and  40  air  tracks  per  node. 
When  the  probability  of  synchronization  is  low,  the  net  cycle  times  are  all  very  close  for  all 
four  traffic  loads.  However,  when  the  probability  of  synchronization  is  high,  the  average 
net  cycle  time  is  much  higher  with  a  heavy  traffic  load  than  with  a  light  traffic  load. 

Figure  5  shows  the  average  effective  TDS  throughput  as  the  probability  of 
synchronization  changes  from  0  to  1.  A  different  plot  is  shown  for  traffic  loads  of  10, 15, 
25,  and  40  tracks  per  node.  The  probabilities  for  correct  reception  of  the  picket  addresses, 
the  start  codes,  the  stop  codes,  the  Mi's,  and  the  M-series  messages  were  set  to  one  in 
generating  figure  5.  The  average  throughput  increases  as  the  probability  of 
synchronization  increases.  When  the  probability  of  synchronization  is  zero,  the  effective 
throughput  is  zero  because  none  of  the  nodes  ever  hear  the  transmissions  of  the  other 
nodes.  Note  that  the  throughput  increases  as  the  number  of  tracks  at  a  node  increases. 
This  is  because  the  portion  of  the  channel  devoted  to  TDS  data  increases  relative  to  the 
network  protocol  overhead,  and  therefore,  the  TDS  traffic  occupies  a  larger  percentage  of 
the  channel  as  the  TDS  message  lengths  increase.  From  Figure  4  however,  we  have  seen 
that  the  average  net  cycle  time  also  increases  as  the  TDS  message  lengths  increase. 

Figure  6  shows  the  average  effective  TDS  throughput  as  the  probability  of  correctly 
receiving  an  M-series  message  changes  from  0  to  1.  A  different  plot  is  shown  for  traffic 
loads  of  10, 15,  25,  and  40  tracks  per  node.  The  probabilities  of  modem  synchronization, 
of  correct  reception  of  the  picket  addresses,  of  the  start  codes,  of  the  stop  codes,  and  of  the 
Mi's  were  set  to  one.  The  results  from  Figure  6  are  similar  to  those  of  Figure  5,  except  that 
the  curves  show  a  linear  increase  of  average  TDS  effective  throughput  as  the  probability  of 
correctly  receiving  an  M-series  message  increases.  This  is  a  linear  increase  because  the 
probability  of  correctly  receiving  an  M-series  message  does  not  affect  the  net  cycle  time. 
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Standard  deviation  of  Net  Cycle  Time  (sec)  Average  Net  Cycle  Time  (sec 


40  tracks  per  node 


Figure  4.  Average  and  Standard  Deviation  of  Net  Cycle  Time 
with  different  traffic  loads 


25 


$  1500 

£ 

«  1250 
s 

1 1000 
J  750 

*  500 
1  250 

UJ 


20  node  network 


40  tracks  per  node 
25  tracks  per  node 
15  tracks  per  node 
10  tracks  per  node 


0.2  0.4  0.6  0.8  1 

Probability  of  synchronization 
(note:  all  other  probabilities  in  model  are  set  to  1) 

Figure  5.  Effective  Throughput  vs.  Probability  of  Synchronization 
with  different  traffic  loads 
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Figure  6.  Effective  Throughput  vs.  Probability  of  Correct  Message 
Reception  with  different  traffic  loads 
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Figure  7  shows  the  effective  throughput  as  the  probability  of  correctly  receiving  the 
MI  changes  from  0  to  1.  A  different  plot  is  shown  for  traffic  loads  of  10,  15,  25,  and  40 
tracks  per  node.  The  probabilities  of  synchronization,  of  correct  picket  address  reception, 
of  correct  start-code  reception,  of  correct  stop-code  reception,  and  of  correct  message 
reception  were  set  to  one.  This  figure  is  virtually  identical  to  Figure  6.  The  reception  of 
the  MI  does  not  affect  the  net  cycle  times.  Note  that  even  though  all  other  probabilities  are 
set  to  one,  the  throughput  can  still  be  poor  if  the  probability  of  correctly  receiving  the  MI  is 
poor. 
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Figure  7.  Effective  Throughput  vs.  Probability  of  Correct  MI 
Reception  with  different  traffic  loads 


Figure  8  is  a  three  dimensional  plot  of  the  average  effective  throughput  as  both  the 
probability  of  synchronization  and  the  probability  of  correct  reception  of  M-series  messages 
vary  from  0  to  1.  The  probabilities  of  correct  reception  of  picket  addresses,  the  start  codes, 
the  stop  codes,  and  the  Mi's  were  set  to  one.  When  either  the  probability  of 
synchronization  or  the  probability  of  correct  message  reception  is  zero,  the  effective 
throughput  is  also  zero.  Maximum  throughput  is  achieved  when  all  probabilities  are  one. 
The  results  of  Figure  8  are  also  provided  in  table  form  in  Figure  9.  The  values  for  the 
single  tone  modem  vary  from  this  table  by  only  about  1  percent.  The  difference  is  due  to 
the  fact  that  the  MI  is  included  with  the  1LEI  header. 
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Probability  of  Synchronization 


(20  nodes,  20  tracks  per  node) 

Note:  the  probability  of  correctly  receiving  the  start  code, 
the  stop  code,  the  Ml,  and  the  address  are  all  t  in  this  figure. 


Figure  8.  Effective  Throughput  for  Parallel  Tone  Modem  with  different 
probabilities  of  synchronization  and  different  probabilities  of 
Correct  Message  Reception 
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Figure  9.  Effective  Throughput  for  Parallel  Tone  Modem 
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6  Conclusions 


We  have  presented  in  this  paper  an  analytic  model  of  the  Link- 1 1  communication 
network.  The  model  gives  us  estimates  of  the  average  and  standard  deviation  of  the  net 
cycle  time,  the  average  percent  channel  utilization,  and  the  average  effective  throughput  of 
the  network.  The  model  is  based  on  some  simplifying  assumptions  in  order  to  limit  its 
complexity  and  development  time.  As  a  result  of  the  assumptions,  the  model  is  limited  in 
its  overall  application  to  specific  and  detailed  battle  group  scenarios.  Care  must  be  taken  to 
understand  the  nature  and  significance  of  the  assumptions,  so  that  valid  conclusions  are 
drawn  from  its  results. 

One  of  the  major  assumptions  in  the  model  is  that  we  ignore  the  effects  of  collisions 
in  transmission.  That  is,  we  do  not  model  the  effects  of  two  or  more  nodes  transmitting  at 
the  same  time,  and  thus  interfering  with  each  other’s  transmissions.  In  the  actuality,  nodes 
may  well  transmit  at  the  same  time.  We  point  out  that  the  Link- 1 1  networking  protocol  is 
not  designed  to  deal  with  collision  conditions.  As  a  result  of  collisions,  some  nodes  may 
not  be  able  to  inject  TDS  traffic  in  every  net  cycle.  One  condition  for  collisions  is  when  a 
picket  station  correctly  receives  its  address  from  the  DNCS,  but  the  DNCS  does  not 
synchronize  with  the  picket  reply,  or  does  not  correctly  receive  the  start  code  in  the  picket 
reply.  Under  these  circumstances,  the  DNCS  will  transmit  another  interrogation  message 
to  the  same  PU,  or  a  new  interrogation  message  to  another  PU,  resulting  in  a  collision  with 
the  PU's  reply  message.  These  collisions  can  cause  changes  in  the  operation  of  the 
network,  and  can  thus  cause  changes  in  the  performance  statistics  of  the  network.  The 
effects  of  the  no-collision  assumption  become  less  important  and  less  pronounced  when  the 
probabilities  of  synchronization  and  of  correct  start  code  receptions  are  high. 

The  second  major  assumption  made  in  defining  the  model  is  that  the  channel 
conditions  are  uniform  among  all  nodes  of  the  network.  In  a  real  battle  group  deployment, 
the  different  relative  distances  between  platforms  and  the  atmospheric  and  oceanic 
conditions  will  actually  result  in  non-uniform  channel  conditions,  and  thus  result  in 
different  probabilities  of  the  events  in  each  of  the  stages  in  our  model.  We  have  assumed  in 
our  model  that  the  probabilities  of  events  within  a  stage  are  the  same  for  all  stages. 
Differences  in  actual  event  probabilities  will  affect  the  performance  statistics  of  the 
network,  depending  on  the  deployment  scenario  of  the  battle  group. 

The  third  major  assumption  made  in  defining  the  model  is  that  the  traffic  load  is  the 
same  for  all  nodes  in  the  network,  and  the  statistical  characteristics  of  the  generation 
function  of  messages  was  simplified.  In  a  real  battle  group  deployment,  different  nodes 
will  have  different  amounts  and  types  of  TDS  traffic.  We  also  assumed  that  no 
dependencies  exist  between  TDS  messages  received  at  a  node.  That  is,  all  TDS  messages 
correctly  received  at  a  node  are  usable  by  that  node.  In  actuality,  some  M-series  messages 
types  must  be  received  without  error  in  order  for  others  to  be  usable  by  the  receiving  node. 
These  message  dependencies  will  affect  the  throughput  of  the  network.  Refinements  to  our 
model  can  be  incorporated  in  the  future  to  account  for  message  dependencies. 

The  assumptions  we  have  listed  limit  the  number  of  battle  group  scenarios  that  can 
be  represented  by  the  model.  More  time  and  work  would  be  required  to  eliminate  these 
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assumptions  from  our  model.  We  could  also  define  new  performance  statistics  such  as 
track  update  rates  or  probability  of  transmission  collisions.  The  model  has  a  great  potential 
for  growth  and  refinement.  In  addition  to  the  results  generated  from  our  model,  the  model 
has  provided  us  with  a  methodology  for  modeling  the  Link- 1 1  network  in  an  analytic  form. 
Using  the  same  basic  methodology  presented  in  this  paper,  we  could  develop  a  more 
realistic  model  of  the  Link-1 1  network  (albeit  more  complex),  or  develop  models  of  other 
networks  that  have  relatively  simple  networking  protocols. 

We  believe  that  the  model,  as  it  currently  stands,  provides  a  useful  means  for 
comparing  the  effects  of  different  modems  as  they  affect  the  performance  of  the  Link-1 1 
network.  Though  the  model  assumes  some  idealistic  conditions,  one  advantage  of  the 
model  is  that  the  comparisons  of  the  performance  statistics  are  on  a  network-wide  level, 
and  not  just  on  a  single  link  level.  We  can  see  how  different  modems  affect  the  operation 
of  the  network  as  a  whole.  Another  advantage  of  the  model  is  that  it  provides  numerical 
results,  rather  than  just  subjective  impressions  and  predictions.  These  numerical  results 
can  form  the  basis  for  quantitative  comparisons  between  different  modem  types,  as  they 
may  perform  in  the  Link-1 1  network.  Under  similar  channel  conditions,  the  probabilities 
of  synchronization  and  of  error  free  message  reception  for  different  modem  types  can  be 
measured  through  field  testing  and/or  the  use  of  channel  simulators.  These  test  results  can 
input  directly  into  the  model  to  estimate  the  network's  effectiveness  under  different 
modems. 
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